The sudden spin-down event ('anti-glitch') observed in AXP 1E 2259+586 on 2012 April 21 was arguably caused by a decay of its internal toroidal magnetic field component, which turns a stable prolate configuration into an unstable one. We refine previous models of this process by modelling the star's magnetic field self-consistently as a 'twisted torus' configuration in non-barotropic equilibrium (which allows us to explore a greater range of equilibrium configurations). It is shown that, if the star's magnetic field is purely dipolar, the change in the toroidal field strength required to produce an anti-glitch of the observed size can be ∼ 10 times larger than previously calculated. If the star has a quadrupolar magnetic field component, then an anti-glitch of similar magnitude can be produced via a decay of the quadrupole component, in addition to a decay of the toroidal component. We show that, if the quadrupole component decays, the minimum initial toroidal field strength and the change in toroidal field strength needed to produce the observed anti-glitch are lower than in the pure dipole twisted torus. In addition, we predict the maximum anti-glitch sizes, assuming that they are caused by a change in ellipticity, in four glitching magnetars and discuss the implications for energetics of accompanying X-ray bursts.
measured directly. Observations of bursts and giant flares (Ioka 2001; Corsi & Owen 2011) and precession (Makishima et al. 2014) in magnetars have been interpreted to indicate that the internal field exceeds the external field by at least one order of magnitude. Numerical simulations favour a 'twisted torus' magnetic configuration (Braithwaite & Nordlund 2006; Braithwaite & Spruit 2006) . Magnetic fields of these strengths deform the stellar mass distribution away from spherical symmetry.
Recently the magnetic deformation of non-barotropic neutron stars has been calculated. Gravitational wave observations (from which we can obtain ellipticity ǫ) can thus be used to infer the internal magnetic structure of neutron stars in principle (Mastrano et al. 2011; Mastrano, Lasky, & Melatos 2013; Mastrano, Suvorov, & Melatos 2015) . Because the stars are assumed to be non-barotropic [e.g., due to entropy or lepton fraction gradients (Reisenegger & Goldreich 1992; Reisenegger 2001 Reisenegger , 2009 ], a greater range of MHD equilibria can be constructed and analysed, and one can easily construct good analytic approximations to the linked poloidal-toroidal twisted torus found in numerical simulations (Braithwaite & Nordlund 2006; Braithwaite 2009; Akgün et al. 2013; Dall'Osso et al. 2015) . Although magnetars rotate too slowly to be good gravitationalwave source candidates, the above models can be used to deduce the internal field strengths of fast-rotating newborn magnetars (age 10 s), which are better candidates for a hypothetical gravitational wave detection from distances as far as the Virgo cluster (Dall'Osso & Stella 2007; Dall'Osso, Shore, & Stella 2009; Mastrano et al. 2011) .
The AXP 1E 2259+586 suffered an overall spin frequency change ≈ −5 × 10 −7 Hz over ∼ 10 2 d (Archibald et al. 2013 ). According to Archibald et al. (2013) , there are two possible explanations for this event: an anti-glitch with ∆ν/ν = −3.1(4) × 10 −7 followed by a glitch with ∆ν/ν = 2.6(5) × 10 −7 , or an anti-glitch with ∆ν/ν = −6.3(7) × 10 −7 followed by another anti-glitch with ∆ν/ν = −4.8(5) × 10 −7 . Bayesian analysis by Hu et al. (2014) showed that the second explanation, a double anti-glitch, fits the data better. García & Ranea-Sandoval (2015) interpreted the angular velocity drop in terms of a change in ǫ. This interpretation is exciting because it offers a way to infer the internal field strength and structure of AXP 1E 2259+586 independent of other measurements of ǫ, e.g., from future gravitational wave observations of similar objects at the beginning of their lives. However, García & Ranea-Sandoval (2015) used a uniform-density star as the unmagnetized background state, ignored the contribution of the poloidal field component to ǫ, and assumed a uniformly distributed internal field (rather than some self-consistent, spatially varying equilibrium configuration). We relax these restrictions in three ways: we analyse a non-uniform parabolic density distribution [which is sufficient to approximate an n = 1 polytropic star: see Mastrano et al. (2011) and Sec. 2.1 of this paper], a non-barotropic hydromagnetic equilibrium, and a linked poloidal-toroidal field structure. We calculate ǫ and explore how much the toroidal field component needs to change to generate the observed anti-glitch magnitude. We also explore the possibility that AXP 1E 2259+586 has a quadrupolar field component, which can contribute to the anti-glitch if it changes.
In Section 2, we recap the non-barotropic deformation calculations in the literature (Mastrano et al. 2011; Mastrano, Suvorov, & Melatos 2015) and apply them to AXP 1E 2259+586 for a dipolar twisted torus configuration. We investigate a range of initial and final states, that give the observed anti-glitch magnitude, comparing our results directly to those of García & Ranea-Sandoval (2015) . In Section 3, we construct a dipole-plus-quadrupole twisted torus, apply it to AXP 1E 2259+586, and repeat the test over a range of initial and final states. In Section 4, we calculate the energy released during these changes in field configuration and compare them to the observed outburst energy. We keep the dipole poloidal field strength Bp = 5.9 × 10 13 G constant throughout this paper, corresponding to the spin-down-inferred value, as García & Ranea-Sandoval (2015) did. In other words, like they did, we assume that the frequency change is purely due to a decay of the internal toroidal field (Section 2) or the quadrupole component (Section 3), and the dipole poloidal field (which is responsible for overall spin down) remains unchanged before and after the glitch (García & Ranea-Sandoval 2015) . In Section 4, we calculate the change in magnetic energy accompanying this process and compare it to the observed X-ray burst energy. In Section 5, we predict the maximum sizes of possible anti-glitches in other magnetars caused by this mechanism and their plausibility. In Section 6, we summarize our results, discuss briefly other possible causes of the anti-glitch, and discuss future work needed to refine the García & Ranea-Sandoval anti-glitch model.
DIPOLE TWISTED TORUS
In section 2.1, we summarize the calculation of Mastrano et al. (2011) , which relates ǫ to the strength of the toroidal magnetic field component in a non-barotropic star with a twisted torus, whose poloidal component is purely dipolar. In Section 2.2, we apply the results to the AXP 1E 2259+586 anti-glitch.
Hydromagnetic equilibrium
The magnetic field is assumed to be axisymmetric. It is decomposed into its poloidal and toroidal components and expressed in dimensionless spherical polar coordinates (r, θ, φ) as (Chandrasekhar 1956 
where B0 parametrizes the overall strength of the field, ηp and ηt set the relative strengths of the poloidal and toroidal components respectively (ηp = 1 without loss of generality), α(r, θ) is the poloidal magnetic stream function, and the function β(α) sets the toroidal field component. We consider separable stream functions of the form α(r, θ) = f (r)g(θ) in this paper; for a dipolar configuration, one has α = f (r) sin 2 θ. The radial part of the stream function, f (r), is formally arbitrary, as long as it results in a field that is axisymmetric, continuous everywhere inside the star (r < 1), continuous with a current-free dipolar external field at the surface (r = 1), finite everywhere, and whose current vanishes at r = 1. For analytic simplicity, we choose the polynomial (Mastrano et al. 2011 )
The function β must be a function of α to ensure that the magnetic force has no azimuthal component, which cannot be balanced in magnetohydrostatic equilibrium given a field of the form (1) (Mastrano et al. 2011; Mastrano, Lasky, & Melatos 2013) . To conform to the numerical simulations of Braithwaite & Nordlund (2006) and Braithwaite (2009) , we want the toroidal component to be confined to a circumstellar torus near the neutral curve, i.e., the circle where the poloidal field component vanishes, located at some radius r = rN and θ = π/2 (with rN = 0.79 for the dipole twisted torus in Sections 2.1 and 2.2). Hence, in keeping with previous works, we choose
We treat the magnetic force as a perturbation on a background hydrostatic equilibrium and write the hydromagnetic force balance equation as
to first order in B 2 /(µ0p), in the Cowling approximation (δΦ = 0), where p is the zeroth-order pressure, ρ is the zerothorder density, Φ is the gravitational potential, and δp, δρ, δΦ are perturbations of the latter three quantities. Yoshida (2013) calculated ǫ for a pure dipole without taking the Cowling approximation. His values of |ǫ| are at most ∼ 2 times those found by Mastrano et al. (2011) (depending on the choice of zeroth-order density profile). A thorough, full-perturbation calculation without the Cowling approximation is beyond the scope of this paper.
We do not assume a barotropic star, nor do we solve the Grad-Shafranov equation, so δρ does not have to be a function solely of δp, and therefore the equation of state imposes no restrictions on the field structure. Neutron star matter consists of multiple species which reach a stably stratified, hydromagnetic equilibrium within a few Alfvén time-scales (Pethick 1992; Reisenegger & Goldreich 1992; Reisenegger 2001 ). This system is not in full chemical equilibrium, however; the relative abundances of the constituent particles change by weak nuclear interactions [time-scale ∼ 10 5 (T /10 8 K) −6 yr] and diffusive processes [time-scale ∼ 10 9 (B/10 11 T) −2 (T /10 8 K) −6 yr]. Between the Alfvén and the weak nuclear time-scales (Hoyos, Reisenegger, & Valdivia 2008) , the star is in a hydromagnetic equilibrium state, in which the composition is not determined solely by the density or pressure, and density and pressure do not correspond one-to-one (Mastrano et al. 2011) . Since most magnetars are 1-10 kyr old (as inferred from spin and spin down), the non-barotropic assumption is valid.
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For the zeroth-order density, we choose a parabolic density profile
where ρc = 15M * /(8πR 3 * ) is the density at origin, M * is the stellar mass, and R * is the stellar radius. This choice is merely for computational simplicity, but, as shown by Mastrano et al. (2011) , the resulting ǫ agrees within 5 per cent with that from a more realistic n = 1 polytrope.
The stellar ellipticity is given by
where I0 is the moment of inertia of the unperturbed spherical star, the moment-of-inertia tensor is given by
and the integral is taken over the volume of the star (r 1). The density perturbation δρ is calculated by taking the curl of both sides of equation (4) and matching the φ-components:
For a dipolar twisted torus with α(r, θ) = f (r) sin 2 θ, Mastrano et al. (2011) and Mastrano & Melatos (2012) derived the following formula relating ǫ to overall field strength, stellar mass, stellar radius, and the relative poloidal and toroidal field strengths:
In equation (9), Bp is the surface field strength at the pole (for a pure dipole, one has Bp = 2B0), Λ is the ratio of internal poloidal field energy to total internal field energy, Λ = 0 gives a purely toroidal configuration and Λ = 1 gives a purely poloidal configuration.
AXP 1E 2259+586 anti-glitch
Armed with equation (9), we repeat the calculation of García & Ranea-Sandoval (2015) , who calculated the change in ǫ as a function of the anti-glitch's frequency change. Section 2 of the latter reference contains the result
where ν is the star's rotation frequency, ∆ν is the change in frequency during the anti-glitch, and ǫi (ǫ f ) is the initial (final) ellipticity. Equation (10) is derived by assuming that the star initially contains a mostly toroidal field (which induces ǫi), which slowly decays by Ohmic diffusion and Hall drift (Viganò et al. 2013 ). Some critical strain is then reached, when the crust cracks in a sudden event (i.e., the outburst), and the star settles into a new field configuration with ǫ f > ǫi. The change in frequency (i.e., the anti-glitch) arises from a change in moment of inertia (because angular momentum is conserved), which is then related to the change in ǫ to give equation (4) in García & Ranea-Sandoval (2015) , reproduced here as equation (10). The measured frequency change associated with the anti-glitch is −5 × 10 −7 Hz over ∼ 10 2 d (Archibald et al. 2013 ). To explain this, Archibald et al. (2013) proposed that the event consisted of (1) an anti-glitch with ∆ν/ν = −3.1(4) × 10
followed by a glitch with ∆ν/ν = 2.6(5) × 10 −7 , or (2) an anti-glitch with ∆ν/ν = −6.3(7) × 10 −7 and another anti-glitch with ∆ν/ν = −4.8(5) × 10 −7 . The second explanation, a double anti-glitch, is statistically favoured (Hu et al. 2014) . We take the measured value ∆ν/ν = −6.3 × 10 −7 [both for definiteness and to facilitate direct comparison with the results presented in Section 3 of García & Ranea-Sandoval (2015) ; the calculations can easily be repeated for ∆ν/ν = −4.8 × 10
−7 ] and solve for ǫ f in equation (10) for various ǫi. We present the results in Figs. 1 and 2, to be compared directly to Figs. 1 and 2 of García & Ranea-Sandoval (2015) . To facilitate comparison with García & Ranea-Sandoval (2015) , we express the toroidal field strength as Bt , i.e., Bt averaged over the volume of the torus. We hold Bp = 5.3 × 10 13 G constant, corresponding to the value inferred from spin down, and allow Bt to change. Figure 1 shows that the toroidal field strength must decrease from its initial value to give an anti-glitch of the observed magnitude, as noted by García & Ranea-Sandoval (2015) , with each curve approaching a particular value of B i t as B f t → 0. This minimum allowed value for B i t is found by setting ǫ f = ǫmax in equation (10), where the maximum ellipticity ǫmax is obtained by setting Λ = 1 (a purely poloidal configuration) in equation (9). However, we require higher initial B i t , as well as larger changes in Bt , than predicted by García & Ranea-Sandoval (2015) . For example, in order for a star with M * = 1.4 M⊙ and R * = 10 4 m [solid curves in Fig. 1 in this paper and in García & Ranea-Sandoval (2015) ] to give ∆ν/ν = −6.3×10 −7 , the toroidal field must decrease from
15 G. This is because the poloidal field component tends to deform the star into an oblate shape; neglecting it overestimates the prolateness of the star for a given Bt . This overestimate of ǫ means that, to obtain a given |ǫi − ǫ f |, we need Bt to change more than predicted by García & Ranea-Sandoval (2015) .
The above behaviour is displayed from an alternative viewpoint in Fig. 2 . We plot −∆ν/ν as a function of the toroidal field strength change ∆ Bt / B 15 G < Bt < 4.9 × 10 15 G [corresponding to the minimum value needed for the anti-glitch and the expected limit of stability; see below and Akgün et al. (2013) ] and Bp = 5.9 × 10 13 G (inferred from spin down), we find ǫ/ǫGRS ∼ 0.15, where ǫ is the ellipticity calculated using equation (9) and ǫGRS is the ellipticity calculated by García & Ranea-Sandoval (2015) .
The analytic calculation of Akgün et al. (2013) and the numerical simulation of Braithwaite (2009) found that 10 −3 Λ 0.8 is required for a stable dipolar twisted torus. For Bp = 5.9 × 10 13 G, this corresponds to 7.7 × 10 13 G Bt 4.9 × 10 15 G. A more stringent limit is set by crust cracking. Horowitz & Kadau (2009) conducted large-scale molecular dynamics simulations of Coulomb solids to represent a neutron star's crust. They found that the large density and pressure make the crust very strong and rigid, capable of supporting |ǫ| 4 × 10 −6 (assuming canonical neutron star mass and radius) before cracking suddenly in a collective manner (rather than yielding continuously). If we assume that the initial magnetic field does not deform the star sufficiently to crack the crust, then this limit translates to B (Young, Manchester, & Johnston 1999; Camilo et al. 2000; Medin & Lai 2010) , the anomalous braking index of some radio pulsars (Barsukov & Tsygan 2010) , and the substructures found in some pulsar signals (Bonazzola, Mottez, & Heyvaerts 2015; Pétri 2015) . While the dipole component of the magnetic field can be inferred from the observed spin-down rate, the putative higher-order multipoles contribute small corrections of order (2πνR * /c) 2 to the torque and cannot be measured directly. In this section, we outline the method used by Mastrano, Suvorov, & Melatos (2015) to describe a self-consistent, linked dipole-plus-quadrupole-plus-toroidal field configuration and to relate the resulting ǫ to B 
Hydromagnetic equilibrium
If the poloidal field is a combination of dipole and quadrupole components, then the stream function α(r, θ) can be written as a linear combination of the form α(r, θ) = f1(r) sin 2 θ + κf2(r) sin 2 θ cos θ,
where κ is a dimensionless parameter controlling the amount of quadrupole field present. In addition to the finiteness and continuity conditions discussed in Section 2.1, f1(r) and f2(r) must now be chosen such that the Lorentz force and the resulting density perturbation are continuous everywhere. This is not a trivial task and is best accomplished by moving to a coordinate system defined by the stream function, as described by Mastrano, Suvorov, & Melatos (2015) . Suitable f1,2(r) are then found through trial and error. The calculation of ǫ itself is straightforward, using equations (6) 
where σ is a dimensionless free parameter which controls the volume of the torus occupied by the toroidal field component. These f1,2(r) choices are not unique, but they are among the simplest possible polynomials, with the lowest possible order, that guarantee a well-defined field-aligned coordinate transformation. The stability of dipole-plus-quadrupole configurations has not been calculated, either analytically [like Akgün et al. (2013) ] or numerically [like Braithwaite & Nordlund (2006) ]. As a consequence, some combinations of σ, κ, and B i,f t may be excluded in reality for stability reasons. We defer the numerical calculation (by evolving the field in a time-dependent magnetohydrodynamic simulation) to a future paper.
AXP 1E 2259+586 anti-glitch
In this section, we repeat the calculation of García & Ranea-Sandoval (2015) , except that we assume AXP 1E 2259+586 possesses some quadrupolar magnetic component, which partially decayed during the anti-glitch. In other words, we assume that the change in ǫ which led to the anti-glitch is due to a change in field geometry, in addition to a decay of the toroidal component. We hold B0 = 2.95 × 10 13 G constant, so that the dipolar component's surface polar strength is 5.9 × 10 13 G (we thereby assume that the measured spin down, from which a polar field strength of 5.9 × 10 13 G is inferred, is due solely to the dipole component). We also set σ = −5 (for the sake of definiteness), and allow κ and Bt to change.
In Fig. 3 , we show B f t
given by equation (10) for ∆ν/ν = −6.3 × 10 −7 [cf. Fig. 1 of García & Ranea-Sandoval (2015) ] as a function of B i t , for M * = 1.4M⊙, R * = 10 4 m, B0 = 2.95 × 10 13 G, and three different κ f (final κ) values: κ f = 0.6 (solid curve), κ f = 0.4 (dashed curve), and κ f = 0.1 (dotted curve). We assume κi = 0.8 (initial κ), i.e., that the initial surface quadrupole magnetic field strength at the pole is 1.6B0 (surface dipole magnetic field strength at the pole is 2B0 as before). This rather extreme value is chosen for the sake of definiteness 3 . For the dipole-plus-quadrupole twisted torus, ǫ can be written as a function of Bt according to
where the values of a and b are given as functions of κ in Table 1 (for κ = 0.1, 0.2, 0.4, and 0.8; second and third columns in the table). Figure 3 tells us that, for a given B i t , B f t decreases as κ f decreases. This is because, in general, the quadrupole component induces more positive (oblate) ǫ: for a given Bt , a configuration with κ = 0.1 is more prolate (i.e., ǫ more negative) than one with κ = 0.6, for example. Therefore, a decrease in κ means a decrease in ǫ, which must be countered by a decrease in Bt (which increases ǫ) to obtain the (ǫi − ǫ f ) value required to match the observed ∆ν/ν through equation (10). Compared to the pure dipole case of Section 2, however, we find that B f t is generally larger for the mixed case than for the pure dipole case. For example, with B i t = 2 × 10 15 G, one finds B f t = 8.7 × 10 14 G for the pure dipole case (see solid curve in Fig. 1 ), but B f t = 1.8 × 10
15 G for the κi = 0.8 to κ f = 0.6 transition (solid curve in Fig. 3 ). Note also that, while the general behaviour of the B Fig. 3 , compared to 1.8 × 10 15 G for the pure dipole case (Fig. 1, solid curve) . The decay of the quadrupole plus toroidal components thus provides another channel for the anti-glitch to proceed, one which requires less initial toroidal field strength and less reduction in toroidal field strength, compared to the decay of only the toroidal component in a purely dipolar configuration.
It may be instructive to explore some other possible κ transitions. Because the volume of the torus changes with κ (Mastrano, Suvorov, & Melatos 2015), we find it easier to express our configurations in terms of Λ, the ratio of the poloidal field energy to total field energy. In Fig. 4 , we plot some combinations of κ f and Λ f (final Λ) which yield ∆ν/ν = −6.3 × 10 −7 via equation (10), given initial values Λi = 0.1 and κi = 1 (triangles), 0.8 (pluses), and 0.6 (crosses). There is a clear trend that lower κ f (for each given κi) and higher κi (for each given κ f ) need higher Λ f (i.e., a greater decrease of toroidal component). Figure 4 therefore shows more clearly how the poloidal quadrupole component tends to deform the star into a more oblate shape. 
ENERGETICS
In this section, we calculate the magnetic energy difference between the pre-anti-glitch and post-anti-glitch states and compare it to the observed energy output during the 2012 April 21 burst, which the anti-glitch accompanied (Archibald et al. 2013) . For the dipolar case discussed in Section 2, the change in magnetic energy ∆Em can be written as a function of stellar radius and Bt as ∆Em = 6.59 × 10 
For the dipole-plus-quadrupole case described in Section 3, we find ∆Em = c × 10
with the dipole surface polar field strength kept constant at 2.95 × 10 13 G. The dimensionless factors c and d are given in Table 1 suggests two possibilities: (1) that, as proposed by García & Ranea-Sandoval (2015) , while the crust readjustment process (observed as the anti-glitch) is instantaneous [ 1 d (Archibald et al. 2013) ], the magnetic field decay that leads to it is gradual, with time-scale ∼ 10 5 yr; or (2) that the magnetic energy is released instantaneously, but is inefficiently (∼ 10 −5 ) converted into observed electromagnetic energy. As currently there has only been one confirmed anti-glitch, we cannot draw a conclusion yet.
ANTI-GLITCHES IN OTHER MAGNETARS?
According to equation (9), we need Bp 10 13 G to get an anti-glitch of the size observed in AXP 1E 2259+586 with Λi = 10 −3
[the lower bound for stability (Akgün et al. 2013) ] or with ǫi = −4 × 10 −6 [the maximum ellipticity that the crust can tolerate before breaking (Horowitz & Kadau 2009)] . Why, then, have we not observed an anti-glitch from other magnetars, many of which have higher Bp than AXP 1E 2259+586? This is a question that requires a more detailed study and a more sophisticated model than the ones we discuss in this paper. The answer may simply be that we have not yet observed enough objects for long enough, or there may be a more microphysical explanation. Either way, using equations (9) and (10), we can set upper limits on the possible sizes of anti-glitches from other magnetars. Assuming that (1) the magnetic field is in a purely dipolar twisted torus configuration, (2) that the change in ǫ is caused entirely by a change of Λ (or, equivalently, Bt ), like in Section 2, (3) that ǫi = −4 × 10 −6 (the maximum ǫ that a neutron star's crust can support before cracking), (4) that ǫ f = ǫmax, and (5) M * = 1.4 M⊙ and R * = 10 4 m, we write down the maximum possible anti-glitch (∆ν/ν)max and the attendant magnetic energy change (∆Em)max for four magnetars which have exhibited glitches (even though glitches and anti-glitches may be due to entirely different physical processes) and display them in Table 2 .
As evident from Table 2 , the maximum anti-glitches should be detectable easily by X-ray timing experiments similar to the ones targeting AXP 1E 2259+586. The stronger Bp is, the larger the size of the maximum anti-glitch and the associated magnetic energy change.
The maximum anti-glitches in Table 2 are accompanied by large magnetic energy releases, stronger the one detected during AXP 1E 2259+586 anti-glitch, stronger than the 2004 December 27 giant flare of SGR 1806−20 (∼ 10 46 erg) (Palmer et al. 2005; Mereghetti 2008 ). If we assume the magnetic field change is instantaneous and that ∼ 10 −5 of the released magnetic energy is converted into radiation as for AXP 1E 2259+586 (as discussed in Section 4), then we can expect the maximal anti-glitches from these sample magnetars to be accompanied by giant flares with energies ∼ 10 44 -10 45 erg. If these putative large anti-glitches are not accompanied by energy releases of these magnitudes, we can conclude that, as proposed by Table 2 . Maximum anti-glitch magnitudes (∆ν/ν)max and the associated magnetic energy change (∆Em)max for four glitching magnetars (Bp taken from the McGill magnetar catalog), predicted by assuming that the magnetic field is in a purely dipolar twisted torus configuration, that the change in ǫ is caused entirely by a change of Λ, like in Section 2, and that one has ǫ = −4 × 10 −6 initially [the maximum ellipticity that the crust can support before breaking (Horowitz & Kadau 2009)] , that ǫ f = 0, and M * = 1.4 M ⊙ and R * = 10 4 m.
Name
Bp ( García & Ranea-Sandoval (2015) , the magnetic fields must decay gradually before the crust cracks and readjusts, or that the electromagnetic conversion efficiency varies substantially across the population.
DISCUSSION
In this paper, we refine the model proposed by García & Ranea-Sandoval (2015) to explain the anti-glitch of the AXP 1E 2259+586 in terms of a sudden change in ellipticity ǫ. We also show how the observed anti-glitch can also occur via an alternative magnetic channel, namely the decay of a higher-order multipolar field (in addition to a decay of the toroidal component). We calculate the change in ǫ self-consistently for a dipole twisted torus in Section 2 and a dipole-quadrupole twisted torus in Section 3. We show that, by neglecting the contribution of the poloidal component to the Lorentz force, one overestimates the prolateness of the star (for example, for 1.9 × 10 15 G < Bt < 4.9 × 10 15 G and Bp = 5.9 × 10 13 G, we find ǫ/ǫGRS ∼ 0.15), which leads to an underestimate of the required B i t and the required change in field strength (Figs. 1 and 2). For both dipole and dipole-quadrupole twisted tori, we find that only objects with Bp 10 13 G (e.g., magnetars) can match the observed ∆ν/ν, confirming a conclusion of García & Ranea-Sandoval (2015) . This means that we are not likely to observe a similar anti-glitch in a radio pulsar and that, despite superficial similarities, a magnetar anti-glitch may have an entirely different physical origin from a magnetar or pulsar glitch.
If the interior of a neutron star consists of superconducting protons (Lander 2013) or quarks (Glampedakis, Jones, & Samuelsson 2012) , then |ǫ| is raised by a factor of ∼ Hc1/ B , where Hc1 ∼ 10 16 G is the lower superconductivity critical field (Glampedakis, Andersson, & Samuelsson 2011) . In AXP 1E 2259+586, for example, a superconducting interior can raise |ǫ| by a factor of ∼ 10, lowering the required B i t and ∆ Bt by a factor of ∼ 0.3. Future anti-glitches, if observed in a star with a lower dipole field inferred from spin down, may be taken as evidence of superconducting interiors.
For ǫ to change by the amount needed to give the observed ∆ν/ν in AXP 1E 2259+586, the magnetic energy change is larger by 5 or 6 orders of magnitude than the observed outburst energy. In Section 5, we calculate the upper limits of anti-glitch magnitudes and energies in four other glitching magnetars (assuming for definiteness that they start at the edge of stability, Λ = 10 −3 ). We find (∆ν/ν)max ∼ 10 −5 -10 −3 , higher than the observed AXP 1E 2259+586 anti-glitch, and magnetic energy releases of order 10 49 -10 50 erg, higher than the most energetic magnetar giant flare of ∼ 10 46 erg (Palmer et al. 2005; Mereghetti 2008 ). If these anti-glitches are observed in the future, we can use the energy of the accompanying burst/flare (if any) to help conclude whether the field reconfiguration is instantaneous but with an inefficient radiative conversion or the field decay is a slow process (García & Ranea-Sandoval 2015) . Lander et al. (2015) recently set an upper limit of 4 × 10 46 erg on energy released by crustal fracture during a magnetar flare (largely independent of magnetic field strength), assuming the fracture extends to the base of the crust. Therefore, a high-energy flare can, in principle, be powered solely by a 'crustquake'. Differentiating the energy contributions from crust and field may be difficult in practice, but if a flare is accompanied by an anti-glitch, a significant fraction of the observed energy may be due to field reconfiguration.
The anti-glitch in AXP 1E 2259+586 has also been interpreted as evidence that AXPs and other magnetars are surrounded by fallback matter (Katz 2013) . Huang & Geng (2014) proposed that the anti-glitch is due to a collision between AXP 1E 2259+586 and a small solid body with a mass ∼ 10 18 kg. Kantor & Gusakov (2014) suggested instead that the anti-glitch is a consequence of neutron star superfluidity, just like a normal pulsar glitch, due to a velocity lag between the superfluid and the crust. We do not consider these alternative scenarios in this paper.
We also do not model the trigger and time-scale of the anti-glitch. Like García & Ranea-Sandoval (2015) , we implicitly assume that the anti-glitch (and the outburst it accompanied) occurred, when the magnetar crust cracked due to some internal instability, built up as the internal toroidal magnetic field decayed (but see also Sections 4 and 5). Link (2014) , in contrast, concluded that magnetar bursts and flares must be caused by a relaxation of the external field, to be consistent with the rise times of the accompanying quasi-periodic oscillations. Lyutikov (2015) similarly concluded that a magnetar burst/flare can proceed without any internal instability leading to crust cracking. A simulation of the field decay process, the resultant crust cracking, and a calculation of the time-scales involved are reserved for future work.
